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th<..' l'oisson equation (22) becomes 

wit 1 boundary conditions 

4>_(O)= - l/Z, 

lim rP-(x) = :.;(4)/.-'';)00 = :r4>",,'. (29) 
:rxx> 

WiLh J~ (7)~) being a known function of x from the solu
Lio!. of (16), (2S) can readily be integratec, to give 4>
and 7)- as functions of :-.,;, thereby giving the distribu
tion of panicles about an electron from (2-1:) and (26). 

Similarly to the derivation of (20), the net charge 
about a given electron is 

q_= hrx~f'" (>.Zen+_ - "ACI! __ )x2dx 

= - "AZe[xq'>_'- q'>_Jo"'="Ae, (30) 

which is ju:st the negative of the charge on the electron. 

c. Thermodynamic Functions 

An expression for the Helmholtz free energy A (v, T) 
or our system will be derived through the artifice of 
the Debye charging process, and we accordingly write 

A = A;-1-A., (31) 

where A i is the Helmholtz free energy of the un
charged (ideal) plasma, and Ac is the contribution 
which arises during the chitrging process. 

The cont ribution of the nuclei to the ideal Helm
holtz energy A i (per atom) is given by the classical 
expre"slon 

and the contribu tion of the electrons (per atom) isS 

The ponion .1 c of the Eelmholtz energy is the elec
tr:c::ll work done in charging up the particles at COll

stant tempera lure and volume, the particle distribu
tions at each slage in the charging process being the 
equilibrium distributions for the corresponding value 
of "A. Thus the contribution of each nucleus to Ac is 

JZc [ AzeJ Ac+ = lim ~+(r,"A ) -- d( XZe) 
o r .... O r 

XC~(-1-Z2)lf I [, (4)) ] =- - . \2 4>+ (0) - -: d("A2) , 
ao 371" u x Q) ~ 

(3-1-) 

'Sc~. for cxam/lk, .\. H . Wilson, ThermodYl/amics alld Sialis
lied .:r cchallies Cambridge Univcr,ity l)rcs~, LIJ,;d"ll, 1957), 
Sec. 6.3 . 

and the contribution oi Z elect ·o;:s to .·1" i" 

=-~ ~.~' "A2 4>_'(0)- ~ d("A2) , (35 Z ·'('Z)'11 

[ (.) ] 

au 371" 0 .\. '" X 

where the quantities \Ze/ rand - Xel r !l<lVe been suL· 
tracted from ~r and >.f;, respective y, in urder to remo\"~ 
the self-energies of the P:lrL:C!c:i, ~mu where 9 '- (X I 
hlwe been expanded in Taylor serie:; ~lbout the o;:;.;il. 
(see Sec. 3), al~d the bOl:ntbry condilions (17) ,mti 
(29) employed. (an=i/}/iIIC2 b the first Bohr r:ldiu~ of 
hydrogen.) 

With the Helmholtz free en(;rgy Gl~cuhted in thi, 
manner, the pressure :md the; inLern~1 cner;,;y pt~ 

atc:n can then be obtained from the general relaUom 

p= - (aA/au) T, 

S= - (aA/aT)., 

E=A+TS. (36) 

Alternatively, the pressure or the energy can De found 
from (36) and the other quantity found from lhe 
virial theorem,o which for Coulombic forces, has the 
form 

(37) 

where E,; and Ep are respectively the kinetic and 
)tential energies of the system. The validity of th~ 

VI rial theorem in the case under considcration can Le 
e"tablished as £0:;0WS : 

The energy of the uncharged gas obt,.incd from (32), 
(33), and (36) is entirely kinetic, and il can be readily 
shown tbat Piv=}Ei, by using in the case of :1 £_ lh~ 
relaLion (9) 

and abo the rehtion7 dljd7)oo=ih Thus it i" nece,;~:! ry 
to consider only the contribution of .1, to the prbscr~ 
(p,.) and the energy (He). Thi" :,A qu,ll1;::ty incluc:~, 
not only potemial energy but also a ch:l:1ge in the 
kinetic energy brought alJom by ~: , e charging procc.,s
the potential energy of the iully charged sy,;~em being 
the result g:\'cn by (3-±) and (35) ;f thc particle di,· 
tributions are held fixed at their values for "A= 110: 

(39) 

• Sce, jor example, Hirschf<:ldcr, Cuti;s, a .c Bird, J/olaul:, 
Theory of Ga.~es and Liquids (John Wi!ey & Sons, Inc., XCII" 

York, 195-l), Secs. 3.1 band U.2ll. 
10 This r(:sult can :dso be obt;jn<;d by a strai;;htfor\l"~rd (:v:.lu;,· 

tion of th(; Coulomh integrals for A = j, 

where p+ and p _ are cldinecl in Eqs. (2) all!, (2, \, and the laeu,", 
} must be inc uded to :lvoid cou:lling pair int~r:lctiollS twice. 


